We investigate the resonance structure and modal properties of chip-based toroidal microcavities. The variation of modal volume and radiation quality factor versus the toroidal geometrical aspect ratio is studied. 02004 While spherical whispering gallery mode structures possess record quality factors approaching 10 billion [ 11, they are not readily suited for studies and applications where integration and precise control of their properties is desirable. In order to overcome some of the limitations of spherical resonant structures, toroidal microcavities were developed [2]. Microtoroids retain the ultra-high quality factors representative of microspheres (>500 million has been obtained at 1550 nm in a toroidal cavity), while possessing distinct advantages due to their ability to be fabricated on a planar silicon substrate. Furthermore, due to the additional degree of freedom in specifying the toroidal geometry, both the number of supported modes and the modal confinement can be dramatically reduced.
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However, in contrast to microspheres, toroidal dielectric cavities do not possess closed-form solutions. Nonetheless, access to Q, mode volume, as well as other features of their modes is essential in applications ranging from sensing to nonlinear and quantum optics. In this paper, a finite element eigenvalue method is used to determine the optical fields, frequencies, and radiation quality factor of these structures. By explicitly accounting for the azimuthal degree of symmetry, the eigenvalue problem can be reduced to two dimensions, while preserving the complete vectorial nature of the optical modes.
This numerical method was used to investigate the modes of a toroidal microcavity made of silica. Figure 1 shows the calculated optical field intensity at a resonance wavelength near 1550 nm for both the fundamental and first transverse modes of a toroidal microcavity with an outer diameter of 50 um and a minor diameter of 6 um. For comparison, the modes of a 50 um diameter microsphere are also given. The figure shows that the optical fields are compressed significantly in a toroidal cavity. Also, in contrast to microspheres, the azimuthal resonant frequencies are no longer degenerate or nearly degenerate. This reduced degeneracy is beneficial in applications to lasing, as the lasing spectrum can now be single-azimuthal (transverse) mode [3]. The modal volume and radiation limited quality factors have also been investigated. Figure 2 shows the modal volume and radiation limited quality factor for a fundamental mode as a function of the minor toroid diameter. The toroid in the calculation has an outer diameter of 18 um and the resonance wavelength is 852 nm. We see that for weak transverse compressions there is a slow reduction of both mode volume and quality factor, as a result of the additional confinement almost exclusively in the vertical transverse dimension. However, once the transverse compression becomes such that the optical mode is strongly confined in both the radial and vertical directions, the mode approaches that of a fiber and the mode volume and Q decrease dramatically. The quantity QN is a parameter that can be used to characterize microcavities, and is directly related to both the Purcell factor and the critical atom number in cavity quantum electrodynamics [4] . The third panel of figure  2 shows the ratio of overall quality factor to modal volume, normalized such that the mode volume is expressed in terms of cubic wavelengths in the material. The overall quality factor is composed of contributions from radiation loss and material absorption (which is 2.4e10 at 850nm). Extremely high values of Q/V are possible in these structures, with current experimental results at 1550 nm approaching 2.8 million.
